This document contains Supplemental Information regarding the mathematical derivation in the paper "Patterned time-orbiting potentials for the confinement and assembly of magnetic dipoles".
are first order energies due to dipole-disk and dipole-dipole interactions respectively.
For H ext that precesses about the z-axis at an angular frequency of ω, H disk (r) and H dip (r), generated from magnetizations and dipoles induced by H ext , will vary accordingly.
These time-dependent fields can be expressed as:
H disk (r, t) = 1 4π M disk dR disk 2π 0 r − r |r − r | 3 cos(φ − ωt)dφ , and
H dip (r, t) = 1 4π χV
where H 1 and H z are the in-plane and z components of H ext . M disk = 8.6×10 5 A/m and R disk = 105 µm are the saturation magnetization and radius of the permalloy disk. The effective thickness of the disk, d = 23.7 nm, is determined by the speed at which a microsphere repel from the edge of the disk. The reduction of d from 40 nm (fabricated thickness)
could arise from oxidation. The integral in Eq. (8) is performed over the positions r = (R disk cos φ , R disk sin φ , 0) along the periphery of the disk, while the summation in Eq. (9) is done over the positions r i of all the microspheres except the one located at r. We have also made the following assumptions:
1. The disk is uniformly magnetized (micromagnetic simulation shows > 99% in plane magnetization) within an infinitely thin circular area centered at the origin (0, 0, 0).
This allows us to integrate over only the edge of the circle, where the magnetic charges are induced.
2. As only first-order H dip is considered, the moments of the dipoles contributing to H dip are simply assumed to be χV H ext . Note the difference from the moment of the dipole of interest (the one located at r), which is χV H(r).
Taking the time-average of Eqs. (5) and (6) while noting that cos ωt = sin ωt = cos ωt sin ωt = 0 and cos 2 ωt = sin 2 ωt = 1/2 for ω = 0, we obtain the time-averaged energies arising from the dipole-disk and dipole-dipole interactions as follows:
where θ is the angle between H ext and the z-axis as defined in the text, while α i is the angle between (r − r i ) and the z-axis. One can further simplify the expression for U disk by complete elliptic integrals of the first and third kind defined by:
As a result, the bowl-shaped confining potential becomes:
where ρ(r) and m(r) are defined, in spherical coordinate r = r(sin α cos φ, sin α sin φ, cos α), as:
B. Interaction energies on polygon-type patterns
In the presence of a precessing magnetic field given by Eq. (7), the time-varying stray magnetic field H poly (r, t) generated from polygon-type patterns discussed in the text, assuming uniform in-plane magnetization within an infinitely thin area located at z = 0, is given by:
where M poly and d are the magnetization and thickness of the pattern respectively. The summation is performed over all polygon sides, where p i,1 and p i,2 are the starting and ending vertices of polygon side labeled by i. We use the convention that when facing along the direction of the side vector s i ≡ (p i,2 − p i,1 ), the magnetic pattern lies on the left. The integral is performed over the length of side i in increments of ds from r = p i,1 to r = p i,2 .
The azimuthal angle φ i of vector (ŝ i ×ẑ), which is normal to side i pointing away from the pattern, is defined as:
where the hat symbol "ˆ" denotes normalized vector. Eq. (17) can be further simplified as:
where
is the shortest perpendicular displacement vector from side i to r, and
The time-averaged form of the dipole-polygon interaction energy can then be derived by taking the time-average of
As a result,
C. Simulation
The two primary forces -confinement force due to dipole-pattern interaction and the dipolar force between the microspheres -experienced by a microsphere located at r are given as:
F pattern (r) = −∇U pattern (r), and (24)
where pattern can be disk or polygon-type patterns as derived in the sections above.
The equation of motion for the position r i of microsphere i in a viscous medium, ignoring inertia and thermal fluctuation, is given by:
where λ = 2.77 is a dimensionless factor accounting for near-wall drag, η = 8.9 × 10 4 Pa · s the viscosity of water, ρ 0 = 1000 kg/m 3 and ρ sphere = 1090 kg/m 3 the densities of water and the microsphere respectively, and g = 9.8 m/s 2 the gravitational acceleration. To determine λ, mean-square-displacement of 17 microspheres undergoing Brownian motion freely on the surface is measured and fitted by the diffusion equation for a Brownian particle:
where x(t) and y(t) are the measured x-and y-position of the microsphere on the surface at time t, and the angled bracket denotes averaging over all trajectories. k B = 1.38 × 10 −23 J/K is Boltzmann's constant, and T = 300 K the temperature.
Given all the parameters required for the equation of motion (26), the forces given by Eqs.
(24) and (25), and imposing the boundary conditions of a substrate surface and impenetrable hard spheres, motions of the dipoles can be determined by calculating the positions r i iteratively through time.
